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ABSTRACT

We prove that for every abelian group G and every compactum X with
dimg X < n > 2 there is a G-acyclic resolution r: Z — X from a
compactum Z with dimg Z <n and dimZ < n+ 1 onto X.

1. Introduction

All spaces are assumed to be separable metrizable. A compactum is a metrizable
compact space.

Let G be an abelian group. A space X has the cohomological dimension
dimg X < n if H"t(X, A;G) = 0 for every closed subset A of X. The case
G = Z is an important special case of cohomological dimension. It was known
long ago that dim X = dimg X if X is finite dimensional. Solving an outstanding
problem in cohomological dimension theory Dranishnikov constructed in 1987
an infinite dimensional compactum of dimy = 3. A few years earlier a deep
relation between dimz and dim was established by the Edwards cell-like resolution
theorem [4, 9] saying that a compactum of dimz < n can be obtained as the image
of a cell-like map defined on a compactum of dim < n. A compactum X is cell-
like if any map f: X — K from X to a CW-complex K is null homotopic. A
map is cell-like if its fibers are cell-like. The reduced Cech cohomology groups of
a cell-like compactum are trivial with respect to any group G.

Acyclic resolutions 0rigi~n9ted in the Edwards cell-like resolution. A com-
pactum X is G-acyclic if H (X;G) = 0 and a map is G-acyclic if its fibers are
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G-acyclic. Thus a cell-like map is G-acyclic with respect to any abelian group G.
By the Vietoris—Begle theorem a G-acyclic map cannot raise the cohomological
dimension dim¢. Dranishnikov proved the following important

THEOREM 1.1 ([2, 3]): Let X be a compactum with dimg X < n, n > 2. Then
there are a compactum Z with dimg Z < n and dimZ < n + 1 and a Q-acyclic
mapr: Z — X from Z onto X.

It has been widely conjectured that Theorem 1.1 holds for any abelian group
(. Substantial progress in solving this conjecture was made by Koyama and
Yokoi [6] who proved it for a large class of groups including Q and very recently
by Rubin and Schapiro [8] who settled the case G = Zpeo.

The purpose of this note is to finally answer this conjecture affirmatively by
proving

THEOREM 1.2: Let G be an abelian group and let X be a compactum with
dimg X < n, n > 2. Then there are a compactum Z with dimg Z < n and
dimZ < n+1 and a G-acyclic map r: Z — X from Z onto X.

It is known that the dimension n + 1 of Z in Theorem 1.2 is best possible [6].
However, it is unknown if the dimension of Z in Theorem 1.1 can be reduced to
n {see [b] for related results). In this connection let us also mention the following
interesting result of Dranishnikov.

THEOREM 1.3 ([1]): Let X be a compactum with dimz X < n. Then there
are a compactum Z with dimZ < n and a Zp-acyclic map v: 7 — X from Z
onto X.

Our proof of Theorem 1.2 essentially uses Dranishnikov’s idea of constructing a
Q-acyclic resolution presented in [3] and involves some methods of [7]. The proof
is self-contained and does not rely on previous results concerning acyclic resolu-
tions. The paper [3] is an excellent source of basic information on cohomological

dimension theory.

2. Preliminaries

All groups below are abelian and functions between groups are homomorphisms.
P stands for the set of primes. For a non-empty subset A of P let S(A) =
{py'p5%- - pp* : pi € A,n; > 0} be the set of positive integers with prime factors
from A and for the empty set define S(@) = {1}. Let G be a group and g € G. We
say that g is A-torsion if there is n € S(.A) such that ng = 0 and ¢ is A-divisible

if for every n € S(A) there is h € G such that nh = g. Tor4 G is the subgroup of
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the A-torsion elements of G. G is A-torsion if G = Tor4 G, G is A-torsion free
if Tor4 G = 0 and G is A-divisible if every element of G is A-divisible.

PROPOSITION 2.1:

(i) If G is A-torsion then G is (P A)-divisible and (P ~ A)-torsion free.

(ii) A factor group of an A-divisible group is A-divisible and a factor group of
an A-torsion group is A-torsion.

(iii) The direct sun of A-divisible groups is A-divisible and the direct sum of
A-torsion groups is A-torsion.

Let f: G — H be a homomorphism of groups G and H and let H be B-torsion.
Then G/ Torg G is

(iv) A-divisible if ker f is A-divisible and B C A;

(v) A-torsion if ker f is A-torsion and BN A = ;

(vi) A-torsion and A-divisible if ker f is A-torsion and A-divisible and
BNnA=0.

Proof: The proof of (i), (i}, (iii) is obvious.

Let ¢: G — G/TorpG be the projection and ¢(x) = y. Then there is
n € S(B) such that nf(x) = f(nx) = 0 and hence nz € ker f.

(iv) Let m € S{A). Since B C A, nin € S(A). Then there is z € ker f such
that nmz = nx. Hence n{mz — x) = 0 and therefore ¢(m= — ) = 0. Thus
m¢(z) = ¢(x) = y and G/ Torg G is A-divisible.

(v) By (i), ker f is (P ~ A)-divisible and therefore there is = € ker f such that
nz = nx. Then n(z —x) = 0 and there is m € S(A) such that mz = 0. Hence
#(z) = ¢(x) = y and my = ¢(mz) = 0 and (v) follows.

(vi) By (v), G/ Torg G is A-torsion. By (i), ker f is (P ~ A)-divisible and, since
ker f is A-divisible, ker f is P-divisible. Then by (iv}, G/ Torg G is A-divisible.
|

The notation e — dimX < Y is used to indicate the property that every map
f: A — Y of a closed subset A of X into Y extends over X. It is known
that dimg X < n if and only if e —dimX < K(G,n) where K(G,n) is the
Eilenberg-Mac Lane complex of type (G,n). A map between CW-complexes is
combinatorial if the preimage of every subcomplex of the range is a subcomplex
of the domain.

Let M be a simplicial complex and let M he the n-skeleton of M (=the
union of all simplexes of M of dim < n). By a resolution EW{M,n) of M we
mean a CW-complex EW (M, n) and a combinatorial map w: EW(M,n) — M
such that w is 1-to-1 over M. The resolution is said to be suitable for a map
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f: M™ — Y if the map fo wly,-1(pmin)y extends to a map from EW(M,n)
to Y. The resolution is said to be suitable for a compactum X if for every
simplex A of M, e —dimX < w™!(A). Note that if w: EW(M,n) ~— M is
a resolution suitable for X, then for every map ¢: X — M there is a map
Y: X — EW (M, n) such that for every simplex A of M, (wov)(¢~1(A)) C A.
We will call ¥ a combinatorial lifting of ¢.

Following [7] we will construct a resolution of an (n+ 1)-dimensional simplicial
complex M which is suitable for X with dimg X < n and a map f: M ]
K(G,n). In the sequel we will refer to this resolution as the standard resolution
for f. Fix a CW-structure on K(G,n) and assume that f is cellular. We will
obtain a CW-complex EW (M, n) from M by attaching the mapping cylinder
of floa to OA for every (n+1)-simplex A of M. Let w: EW(M,n) — M be the
projection sending each mapping cylinder to the corresponding (n + 1)-simplex
A such that w is the identity map on 9A, the K(G,n)-part of the cylinder is
sent to the barycenter of A and w is 1-to-1 on the rest of the cylinder. Clearly
flaa extends over its mapping cylinder and therefore f o w|,-1(pn1) extends
over EW(M,n). For each simplex A of M, w™!(A) is either contractible or
homotopy equivalent to K(G,n). Define a CW-structure on EW (M, n) turning
w into a combinatorial map. Thus we get that the standard resolution is indeed
a resolution suitable for both X and f. Note that from the construction of
the standard resolution it follows that for every subcomplex T of M, w™!(T) is
the standard resolution of T for f|pis and w™'(T) is (n — 1)-connected if T' is
{(n — 1)-connected.

PROPOSITION 2.2: Let M be an (n + 1)-dimensional finite simplicial complex
and let w: EW (M, n) — M be the standard resolution for f: MI"l — K(G,n),
n > 2. Then for w,: H,(EW(M,n)) — H,(M), kerw, is a factor group of the
direct sum @ G of finitely many G.

Proof: Inside each (n + 1)-simplex of M cut a small closed ball around the
barycenter and not touching the boundary and split M into two subspaces
M = M;UM,; where M= the closure of the complement to the union of the balls
and My=the union of the balls. Then w is 1-to-1 over My, H,_;(My N M) =
0, H,(Ms) = 0 and the preimage under w of each ball is homotopy equiv-
alent to K(G,n) and hence H,(w™!(Ms)) is the direct sum PG of finitely
many G. Consider the Mayer—Vietoris sequences for the pairs (Mi, M) and
(w1 (My),w™1(My)), in which we identify M; and M; N My with w™'M; and
w™Y(M; N M,), respectively.
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From the Mayer—Vietoris sequences it follows that
Ju(Hp (W™ (My) @ Ho(w™H (M2))) = Hn(w™ (M1 U My))

and j,(0 ® H,(w™1(Ms))) C kerw,. Let us show that j.(0® H,(w™}(Mz))) D
ker w,. Let j.(a ®b) € kerw,. Then in the Mayer-Vietoris sequence for the pair
(M1, M), 7. (a®0) = 0 and therefore there is ¢ € H,,(M1NMs)) such that i.(c) =
a ® 0. Then in the Mayer-Vietoris sequence for the pair (w=!(M;),w 1 (Ma)),
ix(c) = a® d and j.(a®d) =0. Thus j.(a @ b) = j.(0® (b — d)) and therefore
Je(0 ® Hy(w™ Y (Ms))) = kerw,. Recall that H,(w™1(M3)) = @G and the
proposition follows. 1

PRoOPOSITION 2.3: Let M = M, U M3 be a CW-complex with subcomplexes M,
and My such that My, My and My N M, are (n — 1)-connected, n > 2. Then M
is (n — 1)-connected and

(i) Hn,(M) is A-divisible if H, (M) and H,(Mz) are A-divisible;

(i) H,(M) is A-torsion if H,(M;) and H,(M,) are A-torsion.

Proof: The connectedness of M follows from van Kampen and Hurewicz’s the-
orems and the Mayer—Vietoris sequence. (i) and (ii) follow from the Mayer—
Vietoris sequence and (ii) and (iii) of Proposition 2.1. [ |

Let X be a compactum and let ¢(G) be the Bockstein basis of a group G. By
Bockstein’s theory dimg X < n if and only if dimg X < n for every E € o(G).
Denote:

TG)={peP:Z,co(G)};

Too(G) ={p € P :Zp~ € 0(G)};

D(G) =P if Q€ o(G) and D(G) =P {p € P: L) € 0(G)} otherwise;

F(G) = D(G) MT(G) U T (G))-

Note that T(G), Teo(G) and F(G) are disjoint and G is F(G)-torsion free.

PRrROPOSITION 2.4: Let X be a compactum and let G be an abelian group such
that G/TorG # 0 and dimg X < n. Then dimg X < n if E is D(G)-divisible
and F(G)-torsion free.

Proof: The proof is based on Bockstein’s theorem and inequalities.
If Z,, € o(E) then Tor, E is not divisible by p and hence E is not divisible by
p. Thus p € P ~"D(G) and therefore Z,) € 0(G) and dimz, X < dimg , X <n.
If Zy» € o(F) then p is not in F(G). Then either p € P~D(G) and
dimz .. X < dimg, X < nor p € D(G)\ F(G) and then either p € T(G)
and dimz ., X < dimgz, X <n or p € To(G) and dimg .. X < 7.
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If Zp) € o(E) then E/Tor E is not divisible by p and hence E' is not divisible
by p. Thus p € P ~D(G) and therefore dimz ,, X < n.

If Q € o(F) then consider the following cases:

(i) D(G) = P. Then since G/ Tor G # 0, Q € o(G) and therefore dimg X < n
(this is the only place where we use that G/ Tor G # 0).

(ii) There is p € P~ D(G). Then dimg X < dimg , X < n. |

3. Proof of Theorem 1.2

Represent X as the inverse limit X = Um(K; h;) of simplicial complexes K;
with combinatorial bonding maps h;y;: ;41 — I; onto and the projections
pi: X — I; such that for every simplex A of A7, diam(p;*(A)) < 1/i. Follow-
ing A. Dranishnikov [3] we construct by induction CW-complexes L; and maps
gi+1: Liy1 — L;, a;: Ly — K such that:

(a) L; is (n + 1)-dimensional and obtained from Kz[nH] by replacing some
(n + 1)-simplexes by (n + 1)-cells attached to the boundary of the replaced
simplexes by a map of degree € S(F(G)). Then a; is a projection of L; tak-
ing the new cells to the original ones such that o is 1-to-1 over K", We define
a simplicial structure on L; for which «; is a combinatorial map and refer to this
simplicial structure while constructing resolutions of L;. Note that for F(G) =0
we don’t replace simplexes of KZ-["“] at all.

(b) The maps h;, ¢; and «; combinatorially commute. By this we mean that
for every simplex A of K, {a; 0 gio1)((hsry 0 az41) " HA)) C AL

We will construct L; in such a way that Z = l(i—I}l(Li, g:) will be of dimg < n
and Z will admit a G-acyclic map onto .X.

Set Ly = Kgn“] with ay: Ly — K the embedding and assume that the
construction is completed for i. Let E € ¢(G) and let f: L,E"] — K(E,n) be
a cellular map. Let wp: EW(L;,n) — L; be the standard resolution of L; for
f. We are going to construct from EW{L;,n) a resolution of K; suitable for X.
On the first step of the construction we will obtain from EW(L;,n) a resolu-
tion wpy1: EW(I\'MH] n) — I\[ "+ such that EW(L;,n) is a subcomplex of
EW (L [nH], n) and wy 41 extends «; o wy. On the second step we will (onstruct
resolutions w;: EW (R’ 2 n) — Ix[ B nt+2< J £ dim }; such that EW(I\ \ 1)
is a subcomplex of EW(I\Z[J+1 ,n) and wjiy extends w; for n +1 < j < dim I\.L.
From the construction below it will follow that for every n+ 1 < j < dim K; the
n-skeletons of EW (L;,n) and EW(I& ,n) coincide. Noe that (a; owp ) YT} is
{n — 1)-connected if T is an (n — 1)-connected subcomplex of K;. Then w,i'l(T)
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is also (n — 1)-connected if T is an (n — 1)-connected subcomplex of K,l[j ], The
construction is carried out as follows.

STEP 1: For every simplex A of A; of dim = n + 1 consider separately the
subcomplex (o, o wr)~HA) of EW(L;,n). Enlarge (o; owp)”'(A) by attaching
cells of dim = n+1 in order to kill Torz(g) Hn((a;0w) ™' (A)) and attaching cells
of dim > n+1 in order to kill all homotopy groups of the enlarged subcomplex in
dim > n. Define E W(I\'l["+1], n) as EW(L;,n) with all the cells attached for all
{n + 1)-dimensional simplexes A of \; and let a map wy,4;: EW(K,i["“], n) —
I\'l[”H] extend «o; o wy, by sending the interior points of the attached cells to the

interior of the corresponding A.

STEP 2: Assume that a resolution w;: EW(I\',LU],n) — Kim, n+l1<j<
dim K’; is constructed. For every simplex A of i; of dim = j + 1 consider sepa-
rately the subcomplex w; =} (8A) of EW (I 'i[j], n). Enlarge w; ~1(dA) by attaching
cells of dim = n + 1 in order to kill Torz(gy Hy (wj“l(é)A)) and attaching cells
of dim > n + 1 in order to kill all homotopy groups of the enlarged subcomplex
in dim > n. Define EW(Ix'iU+1],7z) as EW(I\—P],N) with all the cells attached
for all (j + 1)-simplexes A of ; and let a map wj4q: EW(KPH], n)y — I\',iUH]
extend w; by sending the interior points of the attached cells to the interior of

the corresponding A.

Finally, denote EW (L;,n) = EW(I\'IP”],N) and w = wey,: EW(N;,n) — K
where m = dim I\’;. Note that from the construction it follows that the n-skeleton
of EW(K;,n) is contained in EW(L;, n).

Let us show that EW (L;, n) is suitable for X. First note that for every simplex
A of ditn > n + 1, w™'(A) is homotopy equivalent to K (H,(w™'(A)),n).

In order to show that dimp, (,-1(a)) X < n we first consider Step 1 of the
construction. Let A be an (n + 1)-dimensional simplex of ;. By wy|... we will
denote the map wr |(a;0u;,)-1(a): (@ o wr) H(A) — a;7(A) with the range
restricted to a; "1(A). Let (wr|...)«: Hp((a o wr) HA)) = Hp(a;7'(A)) be
the induced homomorphism. Note that by (a), Hn(al-_l(A)) is F(G)-torsion and
Hy(w™YA)) = Hy((o; owp) "N (A))/ Tor gy Hu((a; 0wy ) ~HA)). Consider the
following cases.

Case 1-1:  E = Z,. By Proposition 2.2, ker(w ...} is p-torsion. Then since p is

not in F(G), by Proposition 2.1, (v), H,(w™!(A)) is p-torsion and by Bockstein’s
theorem dimp, (,-1(a)) X < dimz, X < n.

Casg 1-2: E = Zp~. By Proposition 2.2, ker(wy]..). is p-torsion and p-
divisible. Then since p is not in F(G), by Proposition 2.1, (vi), H,(w™(A)) is p-
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torsion and p-divisible and by Bockstein’s theorem dimpy, (,-1(a)) X
<dimgz ., X <n.

Case 1-3: E = Zg, or E = Q. By Proposition 2.2, ker(wg|...)« is D(G)-
divisible. Then since F(G) C D(G), by Proposition 2.1, (iv), H,(w™*(A)) is
D(G)-divisible and since H,(w™!(A)) is F(G)-torsion free, by Proposition 2.4,
dimHn(w—l(A)) X S n.

Now let us pass to Step 2 of the construction. We will show that the properties
of the homology groups established above will be preserved for simplexes of higher
dimensions. Let A be a (j + 1)-dimensional simplex of K;, j > n + 1 and recall
that Hy,(w™'(A)) = Hp(w™(8A))/ TorgGy Ha(w™1(DA)). Note that w=(T) is
(n—1)-connected if T is an (n — 1)-connected subcomplex of K;. We use this fact
when we apply below Proposition 2.3 to show that while assembling w=1(dA)
from w™1(A’) for j-simplexes A’ of A we preserve the corresponding properties
of w™!(A’). Once again we consider separately the following cases.

CASE 2-1: E = Z,. If for every j-dimensional simplex A’ of A, H,(w™1(A"))
is p-torsion then, by Proposition 2.3, H,(w~!(8A)) is p-torsion and hence
H,(w™'(A)) is p-torsion. Therefore dimy (,-1(a)) X < dimgz X < n.

CASE 2-2:  E = Zpe. If for every j-dimensional simplex A’ of A, H,(w™(A"))
is p-torsion and p-divisible then, by Proposition 2.3, H,(w~1(0A)) is p-torsion
and p-divisible and hence H,(w™!(A)) is p-torsion and p-divisible. Therefore
dimg, (,-1a)y X L dimz . X < n.

CASE 2-3: E = L, or E = Q. If for every j-dimensional simplex A’ of A,
H,(w=1(A’)) is D(G)-divisible then, by Proposition 2.3, H,(w=1(84)) is D(G)-
divisible. Then H,(w™1(A)) is D(G)-divisible and F(G)-torsion free and, by
Proposition 2.4, dimg,, (,-1(a)) X < n.

Thus we have shown that EW (K, n) is suitable for X. Now replacing K, 1 by
a K with a sufficiently large I we may assume that there is a combinatorial lifting
of hit1 to hi,: Kipy — EW(Kj,n). Replace h;, by its cellular approximation
preserving the property of hj , of being a combinatorial lifting of b4 1.

Consider the (n + 1)-skeleton of K;4; and let A;41 be an (n + 1)-dimensional
simplex in K;41. Let A; be the smallest simplex in K; containing h;41(Ai41).
Then R, (Ais1) C w™H(A;). Let 7: (a5 0w ) ~1(A;) — w™!(A;) be the inclu-
sion. Note that from the construction it follows that for

Tt Hn((es owp) "H(A)) — Ho(w™H(Ay)),
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ker 7, is F(G)-torsion. Recall that the n-skeleton of w™!(A;) is contained in
(o owr) ™ (A;) and consider R, |aa,,, as a map to (a; owr) 1(A;). Let a be
the generator of Hy(0A;41). Since hi,|sa,,, extends over A;; as a map to
w™{(A;) we have that 7.((hiy;laa,.,)+(a)) = 0. Hence (A} i|aa,,,)«(a) € kerT,
and therefore there is k € S(F(G)) such that k((hi,,|oa,,,)«(a)) = 0. Replace
Ajy1 by a cell C attached to the boundary of A, by a map of degree k if
(h:‘+1,3Ai+1)*(a) # 0 and set C' = Ay if (h;'+1,3Ai+1 )*(a) =0. Then h§+1!aAi+1
can be extended over C as a map to (a; o wy)~(A;) and we will denote this
extension by g/_,|c: C — (a; owr)™'(A;). Thus replacing if needed (n + 1)-
simplexes of Ki[flrl] we construct from Ki[i“;l] a CW-complex L;;; and a map
gir1: Liyn — EW(L;,n) which extends h;,, restricted to the n-skeleton of
K;y1. Now define g;41 = wp o g} +1¢ Liy1 — L; and finally define a simplicial
structure on L;; for which @;41 is a combinatorial map. It is easy to check that
the properties (a) and (b) are satisfied. Since the triangulation of L;y; can be
replaced by any of its barycentric subdivisions we may also assume that

{c) diamng(A) < 1/i for every simplex A in L;;; and j < i where gf =
gj+10gj420---0g;: Ly — Lj.

Denote Z = I}LTl(Li, ¢i) and let r;: Z — L; be the projections. For construct-
ing L;+1 we used an arbitrary map f: LE"] — K(E,n),E € 6(G). Let us show
that choosing E € o(G) and f in an appropriate way for each i we can achieve
that dimg Z < n for every E € o(G) and hence dimg Z < n.

Let ¢: F — K(E,n) be a map of a closed subset F' of L;. Then by (c)
for a sufficiently large ¢ > j the map 9 o g{]( o?)=1(F) extends over a subcom-

plex N of L; to a map ¢: N — K(E,n). Extending ¢ over Lg"] we may
assume that LE"] C N and replacing ¢ by its cellular approximation we assume
that ¢ is cellular. Now define the map f: LE"] — K(E,n) that we use for

constructing L4y as f = @[, (n). Since g;41 factors through EW(L;, n), the map
fogi+1|g_1 (Limy: g;ll(LE"]) — K(E,n) extends to amap f: L;,; — K(E,n).
i+1 i

Define ¥': Liy1 — K(E,n) by ¢'(z) = (dogir1)(z) if x € g;ll(N) and ¢'(z) =
f'(z) 'otherwise. Then. W'(gf;l)‘l(F): (9l,) " HF) — Ix'(E,n? is homotopic to
4 Oggﬂl(ggﬂ)_l(p): (97.1)""(F) — K(E,n) and hence 1 oggﬂl(gfﬂ)_l(p) ex-
tends over L;;. Now since we need to solve only countably many extension
problems for every L; with respect to K'(E, n) for every E € ¢(G) we can choose
for each i a map f: LE"] —» K(E,n) in the way described above to achieve that
dimg Z < n for every E € ¢(G) and hence dim¢g Z < n.
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The property (b) implies that for every x € X and z € Z,
(d1) gip1(aiyy (st(pir1(2)))) C a; ' (st(pi(x))) and
(d2) hipa(st((@ip10mi41)(2))) C st((eg 0 mi)(=))

where st(a) =the union of all the simplexes containing a.

Define a map r: Z — X by r(z) = n{p; ' (st((a; o 1;)(2))) : i = 1,2,...}.
Then (d1) and (d2) imply that r is indeed well-defined and continuous.
The properties (d1) and (d2) also imply that for every x € X

rl(z) = l;l_f_n(ai_l(st(p.i(g;))),g,i|ai.1(st(pi(z)))),

where the map gi|ai_1(st(pl(z))) is considered as a map to a; ', (st(pi—1(2))).
Since r~1(z) is not empty for every x € X, r is a map onto and let us show
that r~!(z) is G-acyclic.
Since st(p;(x)) is contractible, T' = o] ' (st(p;(z))) is (n — 1)-connected. From
(a) and Proposition 2.3 it follows that H,(T) is F(G)-torsion. Then, since G is

F(G)-torsion free, by the universal-coefficient theorem
H™(T;G) = Hom(H,(T),G) = 0.

Thus I}k(T_l(;l‘);G) = 0 for £ < n and, since dimg Z < n, ﬁk(r‘l(x);G) =0
for k > n + 1. Hence r is G-acyclic and this completes the proof. [
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